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Covariant and Contravariant Transformations
Preliminary Assumptions

Assume that the characterization of positive numbers is the condition of existence, so that all references
to variables in the following section are positive definite, including sin@ and cos @ which will be
defined in a following section (for now, just consider them as variables of positive real numbers under
the addition operation); the conditions on @ will be introduced in a subsequent section (Sine and Cosine

Transformation).
Covariant Transformation

A covariant transformation transforms a unit basis vector by multiplication of a real number
([T, ]x)i=xi=(x)e
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where X is not a ratio of numbers.

Contravariant Transformation

A contravariant transformation is defined by [TX(X)} 2(x")i2x'e; on a ratio where
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Discussion
Consider the equation

1=cos@+sin@ (1.1)
In one dimension, the basis is given by the unit vector i , so that

(1)1= (1)[cos&+sin 6’]1, where (1)[c0os@+sin @] is called the coefficient of the basis vector i and

(1) is called the amplitude of the coefficient function. In order that (1) be invariant, the relation (1.1)

must be valid for all values of @. The coefficients of vectors are also called scalars, since they “scale”
their associated vectors.

If (1.1) is multiplied by a constant that changes the amplitude so that

(v)i=(v)[cos¢9+sin 49]1, (1.2)



Then (V) can be considered a transformation on the unit vector i so that

v=T,@0)= [\/TV ()] :|T|:\/T\, (1)]T=T\, () (TT) sothat T,(1) = Vi = 17 as a transformed unit basis.

Then

1=T,(1)= [m]f [\/To(l)ﬁ: [\/(COSQ—FSin 9)}7-[\/(cos¢9+sin 9)}7: (cos@+sin 6?)(7-7)

Sothat T, (1)=1=cos@+sin @ is also a transformation on the amplitude of the basis vector ltoa

new basis T, (1)i =(cos@+sin )i =i, .

Similarly, TVT=V(l)f=VT is a transformation on the amplitude (1) . Since both transformations are in

the same dimension, the product

v=T,-T,=[T(v(D) ]i-[T(cos@+sinO)]i =[v]i-[(cos O+sin &) ]i =[v(cos O+sin 9)](T~T) =v(cos &+sin 6)
for 1=(cos@+sind) , where both transformations can be considered transformations on the same

basis vector 1 .

Then v changes with the transformation v = [\/I'v (1) }T [\/TV (1)]?2 [W}T [W} = V(TT)
provided the basis [T, (1)]-[T,(®)] = [(1)7] [(1)7} = (\/(cos 0+sin o) )T- (\/(coséwsin 0) )T ,

so that [T,]-[T,] = (cos & +sin H)(T.T) = (cos&+sing) =1

is invariant, the transformation T, (1) =V is called covariant and the transformation

T,(@ =(cos@+sin@) =1 is called invariant.

1
If v=1then [T,]-[T,]=v=1,sothat T, =  »and vice versa, then the transformations are
\

reciprocal, and are called contravariant.



Summary

If there is a product transformation [T, ]-[T,] in a single dimension, then

1. If the relationship between two transformations consists of a variant (e.g.) T, and an invariant
(e.g. T, , then the product transformation is called covariant, and
V' =[T,M]i-[T,(1)]i=v'(cos&+sin @) =v'(1) changes with the variant.
2. If both transformations are variant
V' :v<[TV]T-[TH])T: ([(v)]f-[(cos¢9+sin 49)]7) =v(cos@+sin 9)(7-7) =v(cosd+sing)

are variant, then V' changes with both variants.

3. If neither transformation is variant, then Vv :V([TV] . [Tg]) = V([ (1) ]T[ (1) ]T) = V(TT)

then v does not change.
4. If both transformations change, but the product transformation is invariant, then the
transformations are reciprocal, and the product transformation is called contravariant, where.

=1 1| T |+ \" \"
dv'=[T]i-|=|i=| = |(i-i)= = ., wh d
and v'=[L] {le {TJ(I I) (cos@+sind) (cos@+sino) where van

(COS 6 +sin 9) are inversely proportional Note that if both variant transformations are

multiplied by the same scalar t , then tT, =tT, <=1, =T, , so the product transformation

remains invariant.

Note that the relative change of basis is the same in one dimension if the covariant and contravariant
transforms are the same; i.e. there is no distinction between the transformations in terms of the basis

vectors) since for

[V']Tz {(COT\/SHQJT is valid if and only if [V '][(COS6'+Sin 6’)]?= [V]T so that all such
+ Sl

transformations of the product two coefficients can be cast as either covariant or contravariant for
[v][(cos@+sing) | [v][(cosO+sinb)]
[v][(cos@+sind)| [v][(cos@+sind)]

Q)i =



Example (deBroglie)

Consider the deBroglie characterization of the relativistic energy of the photo-electric effect:
E= (E)T(E)T: E(TT) = [h]f[v]fz [hv](ff) =hv ., where h is also an energy (the
“action”).

1. If E will varies with both h and v as variants, then E ,h, and v are all covariant

transformations on the unit basis vector | , and will vary with the transformation product hv

If E does not vary at all, then both h and v are invariant.

(deBroglie) If E varies with v but not with h, then E and v are variants, but h is invariant.
4. Consider the decomposition

E=hv= h(%j where hisaninvariantand v = CTT Thenif E isinvariant, sois v, and
therefore v = V(%j = (Cz’)?(%j?z V(TT) , Where v = (\W)T(\W)T: V(TT) . Then

Ct
— =1 so the transformations Czand A on the unit vector are contravariant, and if either one

of them changes so that E is variant, the relation between them is still contravariant — their
transformations are reciprocal, or inversely proportional. Note that the both ¢ and 7 taken by
themselves are both covariant so the product Cz is also covariant.

X
Therefore, a contravariant transformation is characterized by a ratio (e.g velocity) V = ? , Where the
. X i . . .
ratio — remains the same if both numerator and denominator are multiplied by the same constant

kx X e X \=
(scaled the same way), so that V= H = ? Then the transformation VI = (?jl is contravariant and
i i XV\=(t)\= Xt~ = i
X and t are inversely proportional, so that T(Xj = ? 1| — |I= & (I . I) =1; note that the variables
- X
t

X

X and t commute in the combined transformation T(
t

] which results in a scalar..
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If v is multiplied by £ sothat = % =VI -(—jl = (%j(l -I) then (Mﬂ)l is a covariant
C

C

transformation on i such that f= (ﬁ)?(ﬁ)?= ,B(TT) . Note that the transformation

(,Bc)i =Vi is covariant, that the transformation

p= Gj =Vvi- (%)T = Gj (i-1) is contravariant.

- X |+ - e
but in the transformation VI = (?jl v is contravariant in the variables X and t, and (vt)l =Xl is

covariant.



The Sine and Cosine Transformation

T,(1)i =(cos@+sin )i =i,



